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Numerical Computation of the Interaction Between
Electromagnetic Waves and Nonlinear

Superconducting Materials
Salvatore Caorsi, Member, IEEE, Andrea Massa, and Matteo Pastorino, Senior Member, IEEE

Abstract—In this paper, we propose a numerical solution to the
computation of the interaction between electromagnetic waves and
superconducting materials. A superconductor is identified as a ma-
terial with a negative dielectric permittivity on the basis of the
two-fluid model and an integral-equation formulation is developed.
The approach takes into account the nonlinear behavior (i.e., the
dependence of the material parameters on the internal magnetic
field), experimentally observed in previous studies. An iterative
process is then developed for the numerical solution; the process is
based on the distorted-wave Born approximation. The mathemat-
ical formulation of the approach is described and some numerical
results concerning the canonical case of a circular cylinder and the
behavior of two superconducting transmission lines are reported.

Index Terms—Microwave, scattering, superconductivity, trans-
mission lines.

I. INTRODUCTION

I N THE PAST few years, there has been a growing interest
in the applications of superconducting materials in a large

number of electronics and telecommunications areas [1]–[4],
especially in the light of the recent discovery of high-su-
perconductors. For the microwave community, the application
of superconducting materials appears to be of great importance,
e.g., in the design of microwave circuits [5] and antennas [6] and
in the development of a variety of devices based on planar trans-
mission lines, which have been intensively studied both theoret-
ically and experimentally [7]–[16].

This wide interest in microwave superconductivity requires
that considerable effort be devoted to a better understanding
of the physical nature of such materials on the basis of a
suitable microscopic theory. On the other hand, it is necessary
that, starting from a sufficiently justified macroscopic model,
rigorous methods be devised to accurately predict the perfor-
mances of developed devices. In the final analysis, this requires
the study of the electromagnetic behavior of superconducting
materials, e.g., the description of the interaction between
electromagnetic waves and superconductors.

In this area, an important role is played by computational
electromagnetics methods, on which a very comprehensive
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paper was recently published [17]. In [17], Mei and Liang
provided an understanding of superconducting materials,
developed in the context of classical electrodynamics. They
stated that the solutions of electromagnetic boundary-value
problems are not any more complicated for a superconductor
than for any other penetrable medium, once it is treated as a
negative dielectric material.

This paper is essentially a computational one. It is aimed at
the study of the interaction between electromagnetic waves and
superconducting materials, starting from the two-fluid model
and a macroscopic description in terms of the Maxwell and
London equations.

Recently, efforts were also concentrated on taking into
account the significant nonlinear response of superconducting
materials. Such a response was experimentally observed
and deeply studied in several papers (see, e.g., [18]–[26]).
In particular, the dependence of the surface resistance
and of the penetration depth on the microwave magnetic
field has been pointed out. This paper is aimed at taking into
account these nonlinear effects, in particular, by considering
those cases for which the nonlinearity was found to be well
approximated by a quadratic nonlinearity, that is analogous, in
a sense, to the Kerr-like nonlinearity [27], widely assumed for
nonlinear dielectrics [28]. In recent years, we developed several
computational techniques for the study of the electromagnetic
behavior of nonlinear dielectric materials. They were numerical
techniques, either “exact” [29] (i.e., without approximations
different from numerical ones) or iterative [30], the latter
being based on approximations like the distorted-wave Born
approximation and the Rytov approximation.

In the following, the assumed model of a superconducting
material will be outlined. The description of the computational
procedure used for the study of the interaction between elec-
tromagnetic waves and superconducting materials, taking into
account nonlinear effects, will then be provided. Finally, some
results will be reported.

II. THEORY

A. Complex Permittivity

In the two-fluid model, the total current density flowing in
a superconductor is the sum of two terms related to normal-
particle and superparticle charge densities

(1)
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The two components of are related to the field by Ohm’s law
and by the London equation

(2)

(3)

where is the electric conductivity given by
(where is the normal-state conductivity), is

the temperature, and is the critical temperature. In (3), is
the frequency and is given by

(4)

where is the magnetic permeability of vacuum andis the
penetration depth of the superconductor.

By using the Maxwell equation

(5)

one can define an effective complex dielectric constant

(6)

Since can also be expressed as [17]

(7)

where is a critical frequency of the order of 1–10 THz for
most superconductors [17], for , it results .

B. Nonlinearity With Respect to the Magnetic Field

Nonlinearity is macroscopically modeled starting from the
experimental results reported in [18], obtained by using super-
conducting thin films. Although more recent high-temperature
superconductor (HTS) films have been found to be less non-
linear, the nonlinear behavior has been confirmed. In those ex-
perimental results, by using YBaCu O superconducting
films, it was found that, at 4 K below the critical field and at
77 K over the entire range, the surface resistance is well ap-
proximated by the following quadratic relation [18, p. 1526]:

(8)

where is the computed for a very low field and
is the maximum magnetic field. In [31], these authors demon-
strated that the quadratic relation (8) is consistent with the Gins-
burg–Landau theory [2]. Moreover, the same authors calculated
the change in penetration depth as a function of the RF magnetic
field. They found that the fractional change depends in
a nonlinear way on . The nonlinear behavior given in [18,
Fig. 9] can be also approximated as a quadratic function

(9)

This relation will be used in the following. Actually, the authors
found that the fractional change inis smaller than the change
in and concluded that the change inis not nearly large
enough to explain the change in . It should be noted that this
is not a surprise considering that the real part of the complex
conductivity is much less than the imaginary part and how
and depend on these quantities. However, the effect is

amplified in high- resonant devices. On the basis of the above
considerations, the nonlinearity of a superconducting material
can be expressed through the following nonlinear relationship
for the conductivity (without considering the quadratic be-
havior of the fractional change in):

(10)

with . This nonlinearity has a quadratic
form similar to the Kerr-like nonlinearity for dielectrics, in
which the (positive) dielectric permittivity turns out to depend
on the square of the internal electric field [36]. By using (10),
(6) can be rewritten as

(11)

where and .
If the fractional change in is taken into account, from (9)

we obtain (since is small)

(12)

where and , being
given by . Considering the nonlinear be-

havior of implies to add a fourth-order term and the nonlin-
earity assumes a form similar to that considered, for example,
in [32], and concerning the guided propagation in nonlinear di-
electric media. A fourth-order nonlinearity has been already as-
sumed by the authors for scattering computation in the case of
nonlinear dielectrics [33].

Finally, according to (12), the is still given by (11),
but is computed on the basis of , and is now a
complex quantity given by

. It should be mentioned that the pro-
posed model does not take into account the hysteresis effect,
which has been recently experimentally shown for HTSs [37].

C. Integral-Equation Formulation

As stated in [17], once a superconductor has been identified
as a negative dielectric material, Maxwell’s equations can be
solved as for any other penetrable material. As an example, for
superconducting strips in the linear case, an integral equation
formulation was proposed in [7].

In this paper, we consider the interaction between an electro-
magnetic wave and a bounded superconducting mate-
rial enclosed in a region . By following the formulation pro-
vided in [29] for nonlinear dielectrics and by taking into ac-
count the square dependence on the magnetic field, an equiva-
lent problem can be defined, which can be formulated by using
the following Maxwell equations:

(13)

(14)

where is an equivalent current density given by

(15)



1812 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 49, NO. 10, OCTOBER 2001

From (13) and (15), it is possible to derive the following inho-
mogeneous wave equation:

(16)

where the right-hand side is the exciting term dependent on the
nonlinear process. It can be noticed that the linear part of the
equivalent current density in relation (15) is coherent with that
used in [7, eq. (12)]. Following the approach described in [29],
under the hypothesis of a periodic time-dependent incident field
and assuming a weak nonlinearity, one obtains the following
equation for the th vector component of the Fourier expansion
of the total electric field

(17)

where and is given by

(18)

where denotes the th (scalar) term of the Fourier expan-
sion of , , if and other-
wise. It is worth noting that each vector generally depends
on all the harmonic components of the electric field. If ,

, and (17) turns out to be representative of the scat-
tering by a linear (negative) dielectric object. At this point, the
total electric field inside and outside, fulfilling Sommerfeld’s
radiation conditions, can be expressed as

d d

(19)

where denotes the dyadic Green’s function for free space [34]

(20)

where is a unit tensor. Of course, if the problem exhibits
homogeneities along one or two axes, the formulation reduces
to a two- or one-dimensional one, respectively and proper
forms of the Green’s function must be used [34]. In particular,
in this paper, we assume, for simplicity, a two-dimensional
geometry with a transverse magnetic illumination with respect
to the -axis ( )

(21)

where is the unit vector of the -axis. In this case, the above
formulation for the nonlinear scattering problem can be reduced
to a scalar one and, by analogy to [35], (19) can be rewritten as

(22)

where is the cross section of the scatterer,
, is the Hankel function

of the second kind and the zeroth order, and is the
scalar analogous to in relation (18).

D. Numerical Solution

Since the nonlinearity has been assumed to be weak, in this
paper, we explore the possibility of predicting the effects of a
nonlinearity at the fundamental frequency ( ) [30], [36],
which is the main responsible for the changes indue to the
square dependence on in relations (8) and (9). The genera-
tion of higher order harmonics and their effects on the field at
the fundamental frequency is taken into account via the coupling
term . After discretization of the continuous model rep-
resented by the integral (22), for , the problem
solution is reduced to the solution of an algebraic system of
nonlinear equations [29]. In particular, if we consider a fixed
number of harmonic components (a series truncation is per-
formed) and after expanding and into the
sum of basis functions with the coefficients and
( ), the resulting system can be expressed as

(23)

where the coefficients and are obtained as in [35]
by applying the Richmond formulation [38], which has been
proven to be accurate for the forward scattering by a dielectric
cylinder if a TM illumination is used [39]. It is worth noting
that, for , the system (23) consists of linear equations
and the adopted numerical solution becomes similar to that ob-
tained in [7] for the field computation in the transverse section of
a superconducting transmission line. An analogous formulation
was used in [40] for the computation of the TM transmission of
metallic conducting shields.

In the case of nonlinear dielectrics, two ways have been con-
sidered for the solution of (22). The first lies in reducing the
solution of the resulting algebraic system to the minimization
of a suitable cost function. In [41], we followed this approach
and solved the defined large-scale optimization problem by ap-
plying a statistical cooling procedure. The second approach,
in the case of weak nonlinearities, is based on the application
of iterative solutions [30] using approximations like the dis-
torted-wave Born approximation [42]. Although the former ap-
proach is more rigorous, it is usually very time consuming. On
the other hand, the results obtained by using the iterative ap-
proach have been found to be in good agreement with those
obtained by the statistical cooling procedure. Direct compar-
isons were made in [41]. Moreover, for circular cylinders with
Kerr-like nonlinearities, some results were compared (with rea-
sonable agreements) with those previously published in the lit-
erature and obtained by using a perturbation method [36]. In
the following, the approach based on the distorted-wave Born
approximation will be used.

III. N UMERICAL EXAMPLES

The first example concerns the interaction between a plane
wave and a circular cylinder, which, in the framework of
computational electromagnetics, is considered a canonical
problem since, in the linear case, an analytical solution is
available. The incident field impinges normally at a frequency

GHz and the cylinder is a YBCO superconductor
at 77 K. The assumed parameters for this configuration are
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Fig. 1. Surface resistance versus magnetic-field values. Experimental [18] and
numerically computed values. The reported values of the nonlinear parameter�

have been obtained by a least-squares technique. In particular, the sequence of
subscript numbers refers to the corresponding experimental sample values used
for the computation.

; S/m, , and
m. In order to take into account the effects of the

nonlinearity, the nonlinear behavior experimentally obtained
in [18] was considered. It should stressed that, very recently,
experimental studies concerning more recent HTS films
have pointed out a nonlinear behavior much less nonlinear,
although still nonlinear [20]–[23], [43]. However, the assumed
data can still be used as an example for the evaluation of
the applicability of the proposed computational method. In
particular, starting from the results in [18, Fig. 8], concerning
the film indicated as “Film 1” at 77 K and at a frequency

GHz, the value of the nonlinear parameterwas
estimated by a least-mean-square identification procedure. We
obtained , , ,

, , and ,
depending on the number of couples of experimental values
(magnetic-field strength and surface resistance) used for the
computation. The sequence of subscript numbers of the non-
linear parameter corresponds to the sequence of experimental
samples considered, as indicated in Fig. 1. The resulting values
of the surface resistance, numerically computed on the basis
of the above-estimated values of the nonlinear parameter, are
also plotted in this figure. For the numerical computation, the
cross section was partitioned, according to the role described
in [30] for the scattering by dielectric circular cylinders, into
489 cells of area (0.125m and the fractional change
was not considered.

Fig. 2 gives the computed values of the amplitude of the total
electric field at the fundamental frequency , normalized to
the amplitude of the incident field for different values of the
magnetic-field strength for which the nonlinear behavior was
experimentally observed in [18]. For the nonlinear parameter,
we chosen the value . As can be seen in Fig. 2, the
effect of the quadratic nonlinearity on the amplitude of the total
electric field was pronounced. In the linear case, the solution
was compared with the analytic values obtained by the classic
series expansion in terms of Bessel functions.

Fig. 2. Scattering by a superconducting circular cylinder (a = 1:5�m;� =

5:2624 �10 S/m,� = 1,� = 0:25�m; 489 subareas). Nonlinear parameter:
� = 0:229. Amplitude values of the total electric field at the fundamental
frequency for different values of the magnetic field.

(a)

(b)

Fig. 3. (a) Cross section of the superconducting stripline. (b) Partitioning of
the stripline for the numerical computation.

Moreover, although the nonlinearity was weak, as expected,
the iterative process did not converge, as the scatterer was any-
thing but weak. Nevertheless, as shown in [30] and [35], the
results at the first iteration step ( ) can still be consid-
ered of interest, as the residual error, defined in [35, eq. (9)] is
rather small if the nonlinearity is weak. In the present case, the
residual error was less then 0.005 for and less then 0.08
for . The corresponding error growth is quite slow (e.g.,
in comparison with the case in [35, Fig. 2(g) and Table 1]) and
its value at is quite small.

In the second example, a more interesting situation, from the
point-of-view of the related applications, was considered. In
particular, the proposed approach was used for the evaluation



1814 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 49, NO. 10, OCTOBER 2001

(a) (b)

(c) (d)

Fig. 4. Inductance per unit length of the stripline versus the penetration depth for different values of the film thickness and for various values of the peak magnetic
field. (a) Linear case. (b)–(d) Nonlinear case.

of a propagating structure, i.e., the superconducting stripline
shown in Fig. 3(a). The width of the center superconductor was
assumed to be equal to m and the width of the
ground planes was m. The thickness of the non-
linear superconducting film is indicated byand the distance
between the two return lines is m. The central con-
ductor is embedded in vacuum. The same propagating structure
was considered in [44], where a method for the calculation of
the current distribution, resistance, and inductance matrices for
systems of coupled linear superconducting transmission lines
having finite rectangular cross sections was proposed.

In order to apply the numerical approach, a nonuniform grid
was superimposed to the cross section of the superconducting
plates. The propagating structure was analyzed by applying the
Weeks method [45], [46] for the evaluation of classical transmis-
sion lines, which has been modified in order to take into account
the modeling of the superconducting material described in Sec-
tion II. In particular, the partitioning of the structure was deter-
mined so that the grid dimensions were smaller where the cur-
rent density was larger. Consequently, the discretization patches
resulted to be concentrated in the center of the ground planes and
at the edges of the center strip. In more details, the smallest grid
elements were assumed to be inside, with being

the penetration depth. The side sizes of the other patches were
computed according to the following rule:

(24)

where indicates the number of discretization cells along the
- or -directions. The discretization used is also shown in

Fig. 3(b).
Fig. 4 gives the computed inductance per unit length as a

function of the penetration depth. In this case, the reactive
effect associated to the fractional change was neglected
and (11) was used with . For a con-
sistency check, the computed values in the linear case is shown
in Fig. 4(a), which exhibits a good agreement with the results
provided in [44, Fig. 5]. Fig. 4(b)–(d) gives the nonlinear values
obtained by applying the proposed approach for different values
of thickness of the nonlinear superconducting film. It should be
noted that the nonlinearity due to the magnetic field essentially
affects the kinetic contribution of the inductance of the stripline.
Analogous results concerning the behavior of the resistance per
unit length are presented in Fig. 5, including a comparison check
with the linear values obtained in [44]. Even in this case, there
is a good agreement with the plots in [44, Fig. 7].
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(a) (b)

(c) (d)

Fig. 5. Resistance per unit length of the stripline versus the penetration depth for different values of the film thickness and for various values of the peak magnetic
field. (a) Linear case. (b)–(d) Nonlinear case.

When the fractional change is taken into account,
the model for the nonlinearity is still expressed through (11),
but in this case, the nonlinear part of the effective dielectric
permittivity is given by

. As expected (see Section II), the
contributions of this term to inductance and resistance per
unit length turned out to be very limited. Concerning the
inductance, the relative change was found to be
less than 2.0 10 for m and less than 1.0
10 for m m and for a peak value of

less than 500 Oe. More significant (although still very
small) was the effect on the resistance, for which the relative
change was found to be less than 1.010 for

m m and less than 0.5
10 for m m, for m and for
a peak value of less than 500 Oe.

Finally, for comparison purposes, another propagating struc-
ture was considered. A microstrip line made of YBCO with a di-
electric substrate made of LaAlO is assumed (Fig. 6).
The width of the signal and return lines were m and

m, respectively. The above structure is the same
as considered in [47] and is similar to the one studied in [8].
The analysis is performed for different values of the thickness
of the superconducting film in the range from 0.002 to 0.2m.

Fig. 6. Normalized attenuation constant of a superconducting microstrip line
versus the film thickness for various values of the peak magnetic fields (d =

0:5 mm). The results of Liu and Itoh are published in [47].

The results concerning the values of the attenuation constant are
provided in Fig. 6 and show a good agreement with those pro-
vided in [47, Fig. 6].

IV. CONCLUSIONS

In this paper, the interaction between electromagnetic waves
at microwave frequencies and superconducting materials has
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been addressed from a computational point-of-view. Starting
from a macroscopic model in which a supercounducting mate-
rial has been identified as a dielectric material with a negative
dielectric permittivity, an integral-equation formulation has
been applied, taking into account the nonlinear behavior of
superconductors previously experimentally observed by other
researchers and justified by them in the light of the rigorous
Ginsburg–Landau theory. The integral-equation formulation
has been applied in conjunction with an approach based on
the distorted-wave Born approximation. Some examples have
been provided, concerning both free-space interaction and
guided propagation. Although preliminary, these examples
seem to demonstrate the possibility of taking into account,
from a computational point-of-view, the information and data
experimentally obtained, concerning the nonlinear behavior of
superconductors versus the magnetic field.
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